Abstract. We describe de Branges-Rovnyak spaces H(bα), α > 0, where the function bα is not extreme in the unit ball of H ∞ on the unit disk D, defined by the equality bα(z)/aα(z) = (1 − z) −α , z ∈ D, where aα is the outer function such that aα(0) > 0 and |aα| 2 + |bα| 2 = 1 a.e. on ∂D.
Introduction
Let H 2 denote the standard Hardy space in the open unit disk D and let T = ∂D. For χ ∈ L ∞ (T) let T χ denote the bounded Toeplitz operator on H 2 , that is, T χ f = P + (χf ), where P + is the orthogonal projection of L 2 (T) onto H 2 . In particular, S = T e it is called the shift operator. We will denote by M(χ) the range of T χ equipped with the range norm, that is, the norm that makes the operator T χ a coisometry of Here we are interested in the case when the function b is not an extreme point of the unit ball of H ∞ . Then there exists an outer function a ∈ H ∞ for which |a| 2 + |b| 2 = 1 a.e. on T. Moreover, if we suppose that a(0) > 0, then a is uniquely determined, and, following Sarason, we say that (b, a) is a pair. The function a is sometimes called the Pythagorean mate associated with b.
It is known that both M(a) and M(a) are contained contractively in H(b) (see [10, p. 25] ). Moreover, if (b, a) is a corona pair, that is, |a|+|b| is bounded away from 0 in D, then H(b) = M(a) (see e.g. [10, p. 62] ).
Let us recall that the Smirnov class N + consists of those holomorphic functions in D that are quotients of functions in H ∞ in which the denominators are outer functions. If (b, a) is a pair, then the quotient ϕ = b/a is in N + , and conversely, for every nonzero function ϕ ∈ N + there exists a unique pair (b, a)
Many properties of H(b) can be expressed in terms of the function ϕ = b/a in the Smirnov class N + . It is worth noting here that if ϕ is rational, then the functions a and b in the representation of ϕ are also rational (see [11] ) and in such a case (b, a) is called a rational pair. Recently spaces H(b) for rational pairs have been studied in [1] , [2] and [6] . In [2] the authors described also the spaces H(b r ), where b is a rational outer funtion in the closed unit ball of H ∞ and r is a positive number.
Here we describe the Branges-Rovnyak spaces H(b α ), α > 0, where (b α , a α ) is such a pair that
For a function ϕ that is holomorphic on D we define T ϕ to be the operator of multiplication by ϕ on the domain D(T ϕ ) = {f ∈ H 2 : ϕf ∈ H 2 }. It is well known that T ϕ is bounded on H 2 if and only if ϕ ∈ H ∞ . Moreover, it was proved in [11] that the domain D(T ϕ ) is dense in H 2 if and only if ϕ ∈ N + . More precisely, if ϕ is a nonzero function in N + with canonical representation ϕ = b/a, then D(T ϕ ) = aH 2 . In this case T ϕ has a unique, densely defined adjoint T *
ϕ . In what follows we denote T ϕ = T * ϕ (see [11, p. 286 ] for more details). The next theorem says that the domain of T ϕ coincides with the de Branges-Rovnyak space H(b). 
. The next proposition was also proved in [11] .
, and so
In the proof of our main theorem we will use the following description of invertible Toeplitz operators with unimodular symbols.
There exist real valued bounded functions u, v and a constant c ∈ R such that ψ = e i(u+ṽ+c) and u ∞ < π 2 , whereṽ denotes the conjugate function of v. We will need also the notion of a rigid function in H 1 . A function in H 1 is called rigid if no other functions in H 1 , except for positive scalar multiples of itself, have the same argument as it almost everywhere on ∂D. As observed in [9] , every rigid function is outer. It is known that the function 
The spaces H(b
Recall that for α > 0 we define the pair (b α , a α ) by
Consequently, the outer function a α is given by
Since both a α and (1 − z) α are outer functions, the equality
This formula shows that log |b α (z)| is a function harmonic in D and continuous in D. Moreover, |b α (1)| = 1. We now prove that actually b α (1) = 1. To this end, it is enough to note that argb α (r) = 0 for all 0 < r < 1. Indeed,
because the integrand is an odd function.
The following proposition says for which α a nontangential limit at 1 of each function (and its derivatives up to a given order) from H(b α ) exists. Proposition 2.1. Let n ∈ N. Every f ∈ H(b α ) along with its derivatives up to order n − 1 has a nontangential limit at the point 1 if and only if α > n − 1/2. This is a consequence of Theorem 3.2 from [5] (see also [10] and [2] ), which states that the following two conditions are equivalent:
(i) for every f ∈ H(b α ) the functions f (z), f ′ (z), . . . , f (n−1) (z) have finite limits as z tends nontangentially to 1;
1 + |1 − e it | 2α and | log (1 − x)| ≈ |x| for x sufficiently close to zero, we have
whenever t is sufficiently close to 0 or 2π. This implies that In particular, we see that every f ∈ H(b α ) has a nontangential limit at 1 if and only if α > 1/2. The next proposition is an immediate consequence of Corollary 1.3.
Finally, we observe that
with equivalence of norms.
Proof. The equality of H(b α ) and M(a α ) follows from the fact that (b α , a α ) is a corona pair, which in turn is a consequence of the fact that b α is bounded below. The latter implies that 1/b α ∈ H ∞ and so T bα and T bα are invertible. Hence
Both M(a α ) and M((1−z) α ) are boundedly contained in H 2 . Hence, the Closed Graph Theorem implies equivalence of their norms. Similarly, one obtains the equivalence of norms in M(a α ) and M((1 − z) α ).
Main results
We start with the following. Theorem 3.1. For any n ∈ N and n − 1/2 < α < n + 1/2 we have
Proof. Let
Then Q has a continuous extension to D \ {1} and Q(e it ) = e (t−π)i , t ∈ (0, 2π), which implies that
Moreover, we observe that for n − 1/2 < α < n + 1/2, n ≥ 1, we have
Consequently, (3.1)
Observe now that the operator T Q α−n is invertible. This is an immediate consequence of the Devinatz-Widom Theorem.
Let f ∈ M((1 − z) α ) and f = T (1−z) α g for a function g ∈ H 2 . Since T Q α−n is invertible, there exists g 0 ∈ H 2 such that (−1) n g = T Q α−n g 0 . Hence, using (3.1), we obtain
we get
On the other hand, if
then, by (3.1) and (3.2),
Now we prove our main result.
Theorem 3.2. Let 0 < α < ∞ and let (b α , a α ) be a pair, with the functions b α and a α given by (2.2) and (2.1), respectively. Then
(ii) for n − 1/2 < α < n + 1/2, n = 1, 2, . . .,
where P n is the set of all polynomials of degree at most n − 1,
where the closure is taken with respect to the H(b 1/2 )-norm, (iv) for α = n + 1/2, n = 1, 2, . . .,
where the closure is taken with respect to the H(b α )-norm and A n is the n-dimensional subspace of H(b α ) defined by
: p n ∈ P n , where P − = I − P + .
Proof. (i) We know from Corollary 2.3 that for α > 0,
We first observe that for 0 < α < 1/2 the operator T (1−z) α /(1−z) α is invertible. This follows from
and the Devinatz-Widom Theorem. Consequently,
and all polynomials (see e.g. [10, p. 25]), to prove (ii) it is enough to show that
By Theorem 3.1 we have
Therefore, we only need to show that
Clearly,
. Now assume that for any 1 ≤ k < n,
or, in other words,
This completes the proof of (ii).
(iii) In view of Theorem 1.5, to prove (iii) it is enough to show that a 2 1/2 is a rigid function. We actually prove that a 2 α is rigid for every 0 < α ≤ 1/2. To this end, we observe that for α > 0,
This follows from (2.1) and the representation of the outer function
Thus we have 
where P n is the set of all polynomials of degree at most n − 1. Finally, note that if p n is in P n , then
Our claim follows.
